Abstract. In this note we investigate a fourth-order geometric flow on closed, compact Riemannian manifolds of dimension greater than four. In the presence of a positive conformal invariant it can be shown that this flow must be positivity preserving.
Introduction
Let (M, g) be a closed, compact Riemannian manifold with n = dim(M ) ≥ 5. Let
n − 4 4(n − 1) ∆R + (n − 4)(n 3 − 4n 2 + 16n − 16) 16(n − 1) 2 (n − 2) 2 R 2 − 2(n − 4) (n − 2) 2 |Ric| 2 be the Q-curvature, where R is the scalar curvature, Ric is the Ricci curvature. Let 
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In this note we investigate properties of the flow generated by the operator −P [g], i.e., we study solutions of the initial value problem (1.2) u t = −P [g]u, t > 0
Typeset by A M S-T E X 1 (here, and in the remainder of the paper, · t will denote differentiation with respect to time), under the assumption that P [g] is a positive operator. In particular we will look into the matter of how long we can guarantee that a solution of (1.2) must remain non-negative if u 0 ≥ 0. At this point it should be noted that since we will always assume that P [g] is positive, and that M is closed and compact, we have it by a standard argument that a smooth, unique solution to (1.2) exists for all time, provided that u 0 is smooth. It also follows that we can express the solution in the following form: u = S t [g]u 0 , where S t [g] is the Schrodinger semi-group, e −P [g]t , which we will consider defined on smooth functions on (M, g) through a standard density argument. Furthermore, we have it that
which is a continuous function of all three variables and that satisfies the following relation:
We will refer to K[g] as the heat kernel associated with P [g], and it is properties of this integral kernel that will be of particular interest in the investigations that follow. One reason for this focus comes from the elliptic problem of whether or not the Green's function G[g], the distribution kernel of the L 2 -densely defined operator
, is non-negative off of the diagonal. To see the relationship between the problem of K[g] being non-negative for all t > 0 and the problem of G[g] being non-negative off the diagonal, consider the following relation
which holds for x = y if the above integral is convergent. It is of great interest in conformal geometry to know when P [g] has a non-negative Green's function, and the above relation shows us that looking at the heat kernel associated with P [g] could be helpful. Another reason for this focus comes from a dynamical systems perspective, for fourth-order parabolic equations will in general lack the maximum principles that are available to second-order parabolic equations. This has made the study of non-negative or positive solutions to higher-order parabolic equations an area of interest in its own right (see [DGJ] , [JP] , and references therein).
The main result of the paper, Corollary 4.1, provides a sufficiency condition for non-negativity of the heat kernel K[g] associated with P [g] in terms of a conformal invariant known as the Paneitz constant, which is defined through the Paneitz functional. We define the Paneitz functional as follows:
. Using (1.1) we can re-express the above in the following geometric form:
n−4 n . (1.5)
Let
where g w = w 
Some Preliminary Results and Notation
First, we need to define a concept that will be of critical importance in what follows. Given a Schrodinger semigroup S t [g] and smooth initial data u 0 , we say that S t [g] is positivity preserving up to time T if the initial data being non-negative implies that S t [g]u 0 is non-negative as well for all t ≤ T .
Let T + (K[g]) be the time value after which the flow generated by S t [g] ceases to be positivity preserving. If the flow is always positivity preserving we set
is desirable to define a quantity, say t + (K[g]), to be the time value for which K[g] ceases to be a non-negative function, but the fact that K[g] is not defined when t = 0 makes this definition unusable. Instead we say that t + [K[g]] = 0 if there exists a sequence {t n } that converges monotonically to zero and such that the sequence of
Now we will demonstrate that T + (K[g]) and t + (K[g]) have to be the same.
Lemma 2.1.
Proof. Clearly, by (1.3), we have it that
Suppose then that this is the case. Then, by the continuity of K[g], there would exist a δ such that 0
But if our choice of initial data was a non-negative function Another important quantity that will be needed later is T +,1 (K[g]), the time value after which the flow generated by S t [g] ceases to be positivity preserving with the additional restriction that the initial data has total integral equal to one. A glance at (1.3) reveals that
And, like the case for
, with the unit initial total integral constraint, is positivity preserving for all positive time.
At this point it would be instructive to turn our attention to how the conformal covariance property of the Paneitz-Branson operator, described explicitly by equation (1.5), relates to the heat kernel K[g] associated with the operator. In particular, it is of interest to see how the heat kernel associated with the PaneitzBranson operator changes under conformal deformation of the underlying metric. Unfortunately, since the parabolic equation u t = −P [g]u isn't conformally invariant, writing down a simple expression for how the heat kernel changes under a general conformal deformation of the background metric is impossible. But, in the simple case of rescaling -the simplest of conformal deformations -we can write down a simple formula. Let c be a positive constant and write g c = c 
where δ x is the dirac delta distribution supported at x. This observation, in turn, allows us to write
for t > 0 (here, the subscript y denotes that the spatial differentiations are to be done with respect to the y variable). Now using the conformal covariance property
for t > 0. Then, rescaling the time variable according to the rulet = c 8 n−4 t we arrive at the following equation
n−4 to obtain the appropriate limits ast → 0, in the geometry of the metric g c . This leaves us with
A consequence of this transformation formula is that, up to rescaling, K[g c ] is a time contracted version of K[g], if c > 1. This fact will be of critical importance in the proof of the main result of this paper.
Decay estimates for the Paneitz flow
Now that we've considered how the heat kernel associated with the PaneitzBranson operator changes under a restricted form of conformal deformation of the background metric, let us now consider estimates on the flow generated by S t [g]. In particular it is of interest to see how the L 1 norm of the flow behaves, and whether or not it can be shown that it must decay with time. The next lemma answers the question of decay in the affirmative.
Lemma 3.1. Let (M,g) be a compact, closed Riemannian manifold of dimension greater than four. If λ(M, [g]) > 0 then S t [g] induces a L
1 contraction on smooth initial data, u 0 , as is expressed by the following inequality:
Proof. Fix ǫ > 0, let u 0 be a smooth function on M , and let u = S t [g]u 0 . Let us now turn our attention to the following quantity
Absorbing the derivative into the integral, and using the fact that u satisfies (1.2) we can write
Now we will use the conformal covariance property of P [g] to rewrite the right hand side of (3.1). Set v ǫ = √ u 2 + ǫ −n+4 8
, and write g = v 4 n−4 ǫ g ǫ , where g ǫ is a Riemannian metric conformal to g. We can now employ the conformal covariance property of the Paneitz-Branson operator to re-write (3.1) as follows:
Now recalling the definition of λ(M, [g]) we see that we can bound the right hand side of (3.2) as follows:
where the last equality follows from the conformal invariance of the denominator of the Paneitz functional. Now, employing Holder's inequality we get
Putting all of the above inequalities together we arrive at the following:
Now, since (M, g) is compact, and u is smooth, we can take the limit as ǫ goes to zero on both sides of the above. Doing so, leaves us with
Integrating the above differential inequality then gives us Lemma 3.1.
At this point it is useful to observe that the flow u = S t [g]u 0 , u 0 ≥ 0 must be positivity preserving as long as
This observation can be particularly useful if one has estimates on both the L 1 norm of the flow and the total integral of the flow. Since we already have established an upper bound on the L 1 norm of the flow, it remains then to establish a lower bound on the total integral of the flow if we want to use the above observation to see how long S t [g] must be positivity preserving.
Proof. First note that since u satisfies the initial value problem (1.2) we have it that
By the definition of β[g], though we also have it that
and hence we have the following differential inequality,
Before we continue on to further investigate the bounds we have just obtained it is important that we note that λ(M, [g]) > 0 implies that β[g] > 0. This can readily be seen if we use the geometric formulation of the Paneitz functional, (1.4), to define the Paneitz constant, λ(M, [g]). We will proceed to use this implication implicitly in the sections that follow.
Section 4: Decay Comparison and The Main Result
Now that we've established an upper bound on the L 1 norm of the flow generated by −P [g] and a lower bound on the total integral of the flow, it remains to compare the two. Unfortunately, for a fixed background metric g, it is easy to see that the upper bound on the L 1 norm of the flow must eventually become larger than the lower bound on the total integral of the flow; but, a moment's reflection reveals that when this happens will depend considerably on the choice of background metric. In particular, it is of interest to see how the two bounds compare as one rescales the background metric g under the re-scaling law, g c = c values of c. If one writes u = S t [g]u 0 , where u 0 is a smooth positive function on M then this question naturally leads to the consideration of the sign chart of the following function, for t ≥ 0:
We can write the right hand side of the above as a function of c and geometric quantities in terms of the metric g upon noticing that we can write
(here we use (1.1), with u = c); and
Making these substitutions we have it that
Now, since it is ultimately the dependence on c that we are trying to discern, it is helpful to "normalize" the above, and to suppose that M u 0 dv g = 1 as well. Making this assumption we create a new function
We now turn our attention to better understanding how the sign chart for f c (t) over non-negative values of t changes as c varies. The following lemma addresses this question of sign in terms of the sign of the following naturally occurring geometric quantity This in turn can be rewritten as
whereby we see that if
Now we will see that if I[g] < 0, then f c (t) can only have one positive root, r(c), and that r(c) → ∞ as c → ∞. The idea is to first write f c (t) as a fraction, as is done in the following:
Notice that since we are supposing that λ(M, [g]) > 0, h c (t) > 0 for all t ≥ 0, and hence the problem of finding the non-negative roots of f c (t) can be reduced to the problem of finding the non-negative roots of g c (t). We can immediately verify that 0 is a root of g c (t), and this in turn allows us to use Rolle's Theorem to determine how many other non-negative roots there are by looking at the g 
}.
Since the exponential part of the above product will never vanish, we can locate the zeros of g .
By Rolle's Theorem we can then conclude that g t (c) has at most one positive zero if I[g] < 0. Upon noticing that f c (t) must eventually become positive for all positive, fixed values of c we can then conclude that g t (c) has one positive root, r(c), and that z(c) < r(c). Recalling (4.2) we can also conclude that g t (c), and hence f t (c), has to be negative on (0, r(c)). Furthermore combining the bound z(c) < r(c) with (4.3) gives us that r(c) → ∞ as c → ∞ if I[g] < 0.
Now that we better understand how the two decay bounds compare as we rescale the background metric g, we are in a position to state and prove the following 
